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With one non-trivial exception, GF(q”) contains a primitive element of arbitrary trace over 
GF(q). 
1. Introduction 
Let F, = GF(q) denote the finite field of prime power order q. The presence in 
F2” of primitive elements (or roots) having trace 1 over F2 has been useful in 
coding theory, see [2] and [8, Ch. 41. Although, in this instance, existence is 
guaranteed by Davenport’s general construction of a primitive normal basis [5], in 
resolving a problem raised in [8], Moreno [7] provided a simple direct proof. 
In this paper it will be shown that the above result is a special case of a much 
more general one (not derivable from Davenport’s theorem) which states, 
essentially, that in any proper extension F,” of F, there exists a primitive element 
with arbitrary trace t in F4. (Recall that T(g), the trace of 5 in F4” over F4, is 
given by 
T(E) = ij + i$” + 5”’ + . . * + pm’ 
and is automatically a member of F4.) Equivalently, there exists a primitive 
polynomial f(x) of degree it over Fg with trace t (so that f(x) =x” - tx”-’ + - . -). 
In this sense, it is clear that, if it = 2, no binomial x2 - a (where a E F4) can be 
primitive (except when q = 3); thus we must disallow t = 0 in this case. Less 
evidently, it can be seen by means of tables that none of the twelve primitive 
polynomials of degree 3 over F4 (see [6, Ch. lo] have zero trace either. That these 
are the sole exceptions is established in the following theorem. 
Theorem 1. Let n 2 2 and t be an arbitrary member of F4 with t # 0 if n = 2 or if 
n = 3 and q = 4. Then there exists a primitive element in F4” with trace t. 
Equivalently, there exists a primitive polynomial of degree n over F4 with trace t. 
*This paper was written during a visit by the author to the University of the Witwatersrand, 
Johannesburg. 
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Theorem 1 derived from following result; extends the theorem of 
where we n = 
Theorem 2. Let n and t be as in Theorem 1 and let {wl, . . . , o,} be any basis of 
F$ over F,. Then there exists elements al, . . . , a,_, in Fg such that alwl + . . - + 
a,_,~,_, + tw, is a primitive element of F4”. 
Theorem 2 can be cast more geometrically as follows. 
Theorem 3. Suppose n 3 2 and F4” is regarded as an n-dimensional afine space 
over F4. With the exception of hyperplanes through the origin when n = 2 or when 
n = 3 and q = 4, every hyperplane contains a point corresponding to a primitive 
element of Fg”. 
2. Estimate for a character sum 
In this section t is a non-zero element of F4 while throughout { wi, . . . , w,} is a 
basis of F4” over F,. As shorthand we write a for (a,, . . . , a,_,) E Fi-’ etc., and 
put 0 for (wi, . . . , w,-J and (I - o for the “inner product” alwl + . . . + 
an-lwn-l. 
Lemma 1. For all E in F4” but not in F4 there are q”-’ solutions (x, y) E Fr-’ of 
the equation 
(x * 0 + tw,)l(y - c-0 + twn) = 5. (2.1) 
Proof. Suppose Ewi = Cyzl a,wt, i = 1, . . . , n (aij E F4). Then (2.1) holds if and 
only if 
E( i: Yiwi) = 2 (2 Yiaij) Wj = i: xjwj, %I = Yn = t7 
i=l j=l 
=x1 -a,,y, -a - . - 4-l lh-I = a, 1 t 
* * X,-l -aln-lyl -. . . - an--ln--lhl = ann-lt 
-aInyl - . . . - an-lnx-l = (arm - l>t. 
Obviously these n equations in 2n - 2 unknowns have q”-’ solutions unless 
ajn=O, j=l,..., n - 1 which, however, implies that &J = arm, a contradiction, 
because 5 $ F4. 0 
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Now let x be a multiplicative character of F,. and define 
S(x) = c x(a * w + mz), 
a 
where the sum is over all a E FG-‘. Also let Q = (q” - l)/(q - 1). We obtain an 
estimate for IS(x)1 whose value depends on whether or not the order of x divides 
Q. 
Lemma 2. Suppose x is a non-principal character of order d(>l), where 
d ) q” - 1. Then 
Proof. Let 2 be the conjugate of x. Then 
lW12 = ww 
= B z& x((a . CfJ + WJlvJ -0 + fwt)) 
, 4 
= 4 n-2 ,& x(E) + 4”-Ml), 
” 4 
by Lemma 1 and the fact that (a - o + tw,)/(b - OJ + &on) lies in F4 only if u = b 
whereupon its value is 1. Hence 
lw12 = -F & x(E) + e-l. 
Eq 
(2.2) 
Now the sum in (2.2) is zero if the restriction of x to Fg is non-principal, i.e. if 
d # Q and otherwise (when d 1 Q), the right side of (2.2) has the value 
-q”-*(q - 1) + q”-’ = q”-*. The result follows. Cl 
Now let e be a divisor of q” - 1 and define N(e) to be the number of elements 
of the form E = a - w + to, (i.e. on a given hyperplane) for which E # 0 and the 
integer defined by (q” - l)/(order of 5) and e are co-prime. In fact it suffices, 
except in one instance, to examine the particular case in which e = q” - 1, when 
N(q” - 1) is simply the number of primitive elements on the hyperplane. In terms 
of character sums (see [3]), we have 
(2.3) 
where @ and p are the functions of Euler and Mobius and CXCmodd) denotes a sum 
over all characters of order d. Focusing on the case e = q” - 1, write N(q, n) for 
((4” - l)/#(q” - l))N(q” - 1). In similar vein to [7] it is enough to prove that 
N(q, n) is positive. To this end we estimate iV(q, n): evidently, an analogous 
estimate holds for any N(e). The result follows immediately from (2.3) and 
Lemma 2. 
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verification except when q = 11 in which case q3 - 1 = 1330 = 2.5.7.19, r = 4 and 
s = 2. This value is investigated separately at the end. 
To assist the discussion of the values r 2 5, introduce, for each positive integer 
m, integers A(m) and B(m) defined, respectively, as the product of the first m 
primes and the first m primes which are congruent to 1 modulo 6. We have 
q’A(t)’ 
B(s), 
’ 5 (3B(s - l), 
if q + 1 (mod 3), 
if q = 1 (mod 3). (3.3) 
Hence if m satisfies 
A(m) (3.4) 
we can conclude that (3.2) is valid for t 3 m (even when s = 1 because q is an integer). 
If r = 5, then (3.4) holds with m = 3 and so we can assume t c 2. In turn, this 
implies s 2 3 (by (3.1)), Q 2 B(3) = 1729 (by (3.3)) and q > 41 which is stronger 
than (3.2). 
If r = 6, then (3.4) holds with m = 4 and we can take t c 3. Indeed if t = 3 and 
q $1 (mod 3) then q 2 71 which implies (3.2). Otherwise s 2 4 (by (3.1)) and 
hence Q 3 5187 (by (3.3)) g a ain, coincidentally, yielding q > 71. 
The treatment of the cases r = 7 and 8 is similar to that of r = 5 and 6, 
respectively. Noting that B(4) = 7.13.19.31= 53599, we obtain q > 230 (when 
r=7)andqa771andq>4OO(whenr=8). 
For r 2 9 we use the following facts which can be established by induction for 
m 3 5, namely, 
A(m) 3 2”“, B(m) > 6”(m + 1)!/3 > 24m (m 2 5). (3.5) 
Selecting m = [b(r + l)] (employing integral part notation), we deduce from (3.5) 
in the first place that t < m and so s sm. Again by (3.5), were (3.2) to be false, 
we would have 
2 4m 2 22’ 2 (q + 1)’ > Q > B(m) > 24m, 
a contradiction. With the exception q = 11 noted above, this completes the proof 
for n = 3. 
As IZ increases the working becomes significantly easier. Suppose for instance 
n = 4. If q is odd, then 16 divides q4 - 1 and no other special considerations are 
necessary. For example, if w(q4 - 1) = 4 then q4 - 12 16.3.5.7 = 1680 which 
already implies qs > 16; consequently N(q, 4) is positive by Lemma 3. Similarly, 
if q is even, then q4 - 12 3.5.7.11= 1155 and qs > 14 and this is enough. 
When n = 5 it suffices to prove that q2 > W(q5 - l), a task which is facilitated by 
the fact that necessarily p = 1 (mod 10) for all p(>5) dividing Q. Larger values of 
IZ are clearly a formality and we omit further details. 
From the above for the completion of the proof of Theorem 2 the only lack is a 
demonstration that N(11, 3) is positive. In this case q - 1 = 10 and Q = 133. For 
any e let M(e) denote the set of points on the relevant hyperplane (here a line) 
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which are dth powers for no divisor d(>l) of e. Then, of course, ]M(e)l = N(e) 
always, while, in particular 
M(lO) r-l M(133) = M(1330). 
Hence 
N(lO) + N(133) - N(1330) 6 N(1) = 121 
and so 
N(1330) s N(lO) + N(133) - 121. 
On the other hand by (2.3) and Lemma 2 we have 
N(lO) 2 $(121- 33) = 35.2, 
N(133) 2 $$(121- 3Vll) > 90.1. 
Thus N(lO) 2 36, N(133) 3 91 and N(1330) 2 6 by (3.6). 0 
(3.6) 
4. Proof of Theorem 1 
We require a simple lemma. 
Lemma 4. There exists a basis { ol, . . . , w,} of Fqn over Fq with 
T(q) = 0, i = 1, . . . , n-l and T(w,)=l. 
Proof. Since T(F,.) # 0 we can pick E E Fq” with T(E) #O. Put w, = T(E)-‘& 
Then let {o;, . . . , WA-~, co,} be any basis extending o, and define wi = ol - 
T(of)o,. 0 
The proof of Theorem 1 is now readily completed as follows. Let 
(01,. . * > o,} be the basis constructed in Lemma 4. From Theorem 2 let y be a 
primitive element of the form alwl +. * * + an-lm,_l + tw,. Then T(y) = t as 
desired. Cl 
Note added in proof. Independent partial treatments of Theorem 1 (but not 
Theorems 2 and 3) have recently appeared. 0. Moreno has dealt with the case 
n = 2, t = 1 in his paper “On the existence of a primitive quadratic of trace 1 over 
GF(p”)” (J. Combin. Theory Ser. A 51 (1989) 13-21). In their paper “On 
primitive polynomials over finite fields” (J. Algebra 124 (1989) 337-353), D. 
Jungnickel and S.A. Vanstone have shown that Theorem 1 holds for all but a 
finite number of values of 9 and n. In particular, for t # 0, they identify an 
explicit list of possible exceptions (all with n = 2). These papers contain working 
akin to the present article but it seems that ideas on a level with those of [3] and 
[4] would be needed for completion. 
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